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Numerical evaluation of
Hilbert transforms

14.1 Introduction

Principal value integrals arise in a wide variety of applications, and in many cases
it is not possible to evaluate such integrals in a simple closed analytic form. Con-
sequently, there has been a significant investment of research effort devoted to the
numerical evaluation of principal value integrals. The expression “numerical quadra-
ture”, or frequently just the term “quadrature”, is used synonymously with numerical
integration.

Some of the numerical integration approaches that have been developed for prin-
cipal value integrals are outlined in this chapter. These range from rather simple
schemes, which are sometimes quite effective, to approaches that yield fairly pre-
cise results and can be implemented in a high-speed calculation. Methods that are
discussed include Maclaurin’s formula, the trapezoidal rule, Simpson’s formula,
specialized Gaussian quadrature methods, and techniques involving Fourier trans-
forms, including the fast Fourier transform, Fourier allied integral approaches, and
methods based on conjugate Fourier series. Since a number of principal value
integral problems arise in the context of transforming experimental data, some
attention is devoted to the discretized nature of the data and how this can be
handled.

Even if an analytic solution can be found for a particular principal value inte-
gral, numerical methods can be employed as a very useful check on the closed form
result.

14.2 Some elementary transformations for Cauchy
principal value integrals

Two straightforward, but potentially very useful, transformations that may be
employed to simplify the evaluation of the Hilbert transform are discussed in this
section. The first approach is to subtract a contribution evaluated at the singularity.
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This approach yields the following:

Hf (x) = 1

π
P

∫ ∞

−∞
f ( y)dy

x − y

= 1

π

∫ ∞

−∞
{ f ( y)− f (x)}dy

x − y
+ f (x)

π
P

∫ ∞

−∞
dy

x − y
. (14.1)

Recall that

P
∫ ∞

−∞
dy

x − y
= 0, (14.2)

so that Eq. (14.1) simplifies to

Hf (x) = 1

π

∫ ∞

−∞
{ f ( y)− f (x)}dy

x − y
. (14.3)

If the function f (x) is Hölder continuous in the vicinity of the singularity, then the
numerical evaluation of this preceding integral will in general be a simpler proposition
than dealing with the standard Cauchy principal value form of the Hilbert transform.
The idea just described is often referred to as a subtracted dispersion relation in the
physics literature, and this terminology is used synonymously with subtracted Hilbert
transform.

Exactly the same idea can be applied to the finite Hilbert transform. For x ∈ (a, b),

Hf (x) = 1

π
P

∫ b

a

f ( y)dy

x − y

= 1

π

∫ b

a

{ f ( y)− f (x)}dy

x − y
+ π−1f (x) log

∣∣∣∣x − a

b− x

∣∣∣∣ , (14.4)

where once again it is assumed that near the singular point x the function is Hölder
continuous. From a numerical standpoint, one has to be on the lookout for possible
numerical instabilities. For example, in the second integral in Eq. (14.4), evaluation
at a grid point located near y = x has the potential to magnify errors in the difference
f ( y)− f (x), due to the size of the factor ( y − x)−1.

To see how the subtraction idea applies, two examples are considered that are suf-
ficiently simple that the resulting subtracted integrals can be performed analytically.


