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1.1 In between S1/G1 and Sfin/Gfin

We begin this section with a brief comparison between the selection principles Sfin and
S1. Recall that for collections 𝒞 and 𝒟 of nonempty subsets of an infinite set 𝒮, we define:

Sfin(𝒞,𝒟) := ∀(Cn)n∈ω ∈ 𝒞ω ∃(Dn)n∈ω ∈ ∏
n∈ω

[Cn]
<ℵ0 such that

⋃
n∈ω

Dn ∈ 𝒟, (1.2)

S1(𝒞,𝒟) := ∀(Cn)n∈ω ∈ 𝒞ω ∃(dn)n∈ω ∈ ∏
n∈ω

Cn such that {dn : n ∈ ω} ∈ 𝒟. (1.3)

However, since dn ∈Cn is equivalent to {dn} ∈ [Cn]
<2, at first we could state the following

principle as a possible equivalent definition of (1.3):

S1(𝒞,𝒟) := ∀(Cn)n∈ω ∈ 𝒞ω ∃(Dn)n∈ω ∈ ∏
n∈ω

[Cn]
<2 such that

⋃
n∈ω

Dn ∈ 𝒟. (1.4)

Nevertheless, there is a subtle difference between (1.3) and (1.4): the latter allows the
possibility of having Dn = /0, because [Cn]

<2 = {{d} : d ∈Cn}∪{ /0}, while the former excludes
this situation. Although there are possibly many ways to avoid this technicality in order to assume
(1.3) equivalent to (1.4), we choose to observe that the families we take to play the role as 𝒟
along most of this chapter have the following property:

if C,D ∈℘(𝒮) and C ⊂ D, then D ∈ 𝒟 whenever C ∈ 𝒟.

It is easy to see that for such a family 𝒟, the selection principles S1(𝒞,𝒟) and S1(𝒞,𝒟) are
equivalent, motivating the following definition.

Let ψ : ω → [2,ℵ0] be a function and let 𝒞 and 𝒟 be families as before. We denote as
Sψ(𝒞,𝒟) the following selection principle:

∀(Cn)n∈ω ∈ 𝒞ω ∃(Dn)n∈ω ∈ ∏
n∈ω

[Cn]
<ψ(n) such that

⋃
n∈ω

Dn ∈ 𝒟. (1.5)

If one takes ψ ≡ 2, the constant function with value 2, then Sψ = S1. Similarly, if ψ ≡ℵ0,
then Sψ = Sfin. More generally, we write Sk := Sψ where ψ : ω → [2,ℵ0] is the constant function
with value k+1 ∈ ω .

García-Ferreira and Tamariz-Mascarúa [18] presented the prototype of the above defini-
tions. They analysed selection variations of the tightness in a point y of a Tychonoff space Y ,
by taking Ωy := {A ⊂ Y : y ∈ A∖A} in S f (Ωy,Ωy), for f : ω → [2,ℵ0). More recently, Aurichi,
Bella and Dias [5] defined game variations of the selection principle Sψ , but still in the tightness
context. We shall now present our definition of the game Gψ – it is slightly different from the
one presented in [5], in order to comprehend both the games G1 and Gfin.

Let 𝒞 and 𝒟 be families of nonempty subsets of an infinite set 𝒮 and let ψ : ω → [2,ℵ0]

be a function. The game Gψ(𝒞,𝒟) is played between two players, the Player I and the Player II,
in the following way:
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∙ a play P in the game Gψ(𝒞,𝒟) has ω turns;

∙ for each n ∈ ω , the Player I starts the nth-turn of the play P by taking an element Cn ∈ 𝒞,
then the Player II answers with a subset Dn ⊂Cn such that |Dn|< ψ(n);

∙ the Player II wins the play P if and only if
⋃

n∈ω Dn ∈ 𝒟.

As we did in the definition of Sψ , we write Gk := Gψ if ψ ≡ k+1 for some k ∈ ω ∖{0}.
Hence, Gψ = G1 if ψ ≡ 2 and Gψ = Gfin if ψ ≡ ℵ0. The basic relations between Sψ and Gψ are
summarized in the following proposition.

Proposition 1. Let 𝒞 and 𝒟 be families of nonempty subsets of an infinite set 𝒮 . Let 𝒟ℵ0 be the
collection of countable elements of 𝒟 and take ψ , ϕ functions of the form ω → [2,ℵ0] such that
ψ(n)≤ ϕ(n) for all n ∈ ω . Then the following implications hold:

II ↑ Gψ(𝒞,𝒟) I ̸ ↑Gψ(𝒞,𝒟) Sψ(𝒞,𝒟) [
𝒞

𝒟ℵ0

]
⊂

II ↑ Gϕ(𝒞,𝒟) I ̸ ↑Gϕ(𝒞,𝒟) Sϕ(𝒞,𝒟)
(1.6)

Proof. The winning criterion of the game Gψ implies

II ↑ Gψ(𝒞,𝒟)⇒ I ̸ ↑Gψ(𝒞,𝒟).

On the other hand, if Sψ(𝒞,𝒟) does not hold, then there is a sequence (Cn)n∈ω ∈ 𝒞ω

such that for any sequence (Dn)n∈ω ∈ ∏n∈ω [Cn]
<ψ(n) one has

⋃
n∈ω Dn ̸∈ 𝒟. We can easily

define a winning strategy for the Player I in the game Gψ with this information. Thus, arguing by
contraposition we obtain

I ̸ ↑Gψ(𝒞,𝒟)⇒ Sψ(𝒞,𝒟).

Now, if Sψ(𝒞,𝒟) holds, then we take (C)n∈ω ∈ 𝒞ω a constant sequence, and we obtain
(Dn)n∈ω ∈ ∏n∈ω [C]<ψ(n) such that D =

⋃
n∈ω Dn ∈𝒟. Since Dn ⊂C and |Dn|< ψ(n)≤ ℵ0 for

all n ∈ ω , it follows that D ⊂C with D ∈ 𝒟ℵ0 , i.e.,
[

𝒞
𝒟ℵ0

]
⊂

holds.

Since ψ : ω → [2,ℵ0] is an arbitrary function, the previous arguing proves all the
horizontal implications in (1.6). Finally, the vertical implications follow essentially because
ψ ≤ ϕ . For instance, if µ is a winning strategy for the Player II in Gψ(𝒞,𝒟), then the choices of
the Player II accordingly to µ are valid answers in the game Gϕ(𝒞,𝒟), from which it follows
that µ is also a winning strategy for the Player II in Gϕ(𝒞,𝒟). The remaining implications can
be proved with similar arguments.
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Once we stablish these new principles, a natural question to ask is wheter these principles
are indeed new. For instance, in the tightness context, most of these principles turns out to be
equivalent. In the next theorem, by equivalent games we mean two games G and H as before
such that for all J ∈ {I, II}, the Player J has a winning strategy in the game G if and only if the
Player J has a winning strategy in the game H.

Theorem 9. Let Y be a topological space, y ∈Y and let Id : ω → [2,ℵ0) be the function defined
as Id(n) = n+2 for all n ∈ ω .

1. If f is bounded, then

a) (García-Ferreira and Tamariz-Mascarúa [18]) The selection principle S f (Ωy,Ωy) is
equivalent to S1(Ωy,Ωy);

b) (Aurichi, Bella and Dias [5]) The games G f (Ωy,Ωy) and Gk(Ωy,Ωy) are equivalent
to each other, where k = limsupn∈ω f (n) ∈ ω .

2. If f is unbounded, then

a) (García-Ferreira and Tamariz-Mascarúa [18]) The selection principle S f (Ωy,Ωy) is
equivalent to SId(Ωy,Ωy);

b) (Aurichi, Bella and Dias [5]) The games G f (Ωy,Ωy) and GId(Ωy,Ωy) are equivalent
to each other.

Actually, García-Ferreira and Tamariz-Mascarúa [18] provide examples showing that the
principles S1(Ωy,Ωy), SId(Ωy,Ωy) and Sfin(Ωy,Ωy) are not equivalent in general. Similarly, Au-
richi, Bella and Dias [5] showed that for each k ∈ ω ∖{0}, the games Gk(Ωy,Ωy), Gk+1(Ωy,Ωy),
GId(Ωy,Ωy) and Gfin(Ωy,Ωy) are indeed different.

The above results suggested to us to investigate the behaviour of these intermediate
selection principles and games when one replaces Ωy with OY or some other family of open
coverings. We deal with the case of general open coverings for the rest of this section.

First, let us notice that for an arbitrary function f : ω → [2,ℵ0), the selection principle
S f (OY ,OY ) does not add anything new, because of the following proposition.

Proposition 2 (García-Ferreira and Tamariz-Mascarúa [18]). Let Y be a topological space and
let f : ω → [2,ℵ0) be a function. Then the selection principles S f (OY ,OY ) and S1(OY ,OY ) are
equivalent.

Proof. We present a proof for the convenience of the reader, adapted from [18]. First, for
𝒰 ,𝒱 ∈ OY , notice that 𝒰 ∧𝒱 ∈ OY , where 𝒰 ∧𝒱 := {U ∩V : (U,V ) ∈ 𝒰 ×𝒱}.

Since S1 ⇒ S f holds in general (Proposition 1), we prove the converse. Suppose that
S f (OY ,OY ) holds and take (𝒰n)n∈ω a sequence of open coverings for Y . We will show that for



26 Chapter 1. Bornologies and filters in selection principles on function spaces

each n ∈ ω there exists a Un ∈ 𝒰n such that {Un : n ∈ ω} ∈ OY . Let g : {−1}∪ω → ω be the
function such that g(−1) = 0 and g(n) =

(
∑i≤n f (i)

)
−1 for all n ∈ ω . We define the sequence

of open coverings (𝒱n)n∈ω where

𝒱n := 𝒰g(n−1)∧𝒰g(n−1)+1 ∧ . . .∧𝒰g(n−1)+ f (n)−2,

for each n ∈ ω . Since S f holds, for each n ∈ ω there exists 𝒲n ⊂ 𝒱n such that |𝒲n| < f (n)

and
⋃

n∈ω 𝒲n ∈ OY . For each n ∈ ω we may write 𝒲n = {Wn, j : 0 ≤ j < f (n)−1} ⊂ 𝒱n, thus
for each j ∈ {0,1, . . . , f (n)−2} we may take Ug(n−1)+ j ∈ 𝒰g(n−1)+ j such that Wn, j ⊂Ug(n−1)+ j.
Hence

X =
⋃

n∈ω

⋃
𝒲n =

⋃
n∈ω

f (n)−2⋃
j=0

Wn, j ⊂
⋃

n∈ω

f (n)−2⋃
j=0

Ug(n−1)+ j,

showing that {Un : n ∈ ω} ∈ OY , as desired.

Even more can be said in general, because of the “S1-version” of the Theorem 2.

Theorem 10 (Pawlikowski [39]). For a topological space Y , the selection principle S1(OY ,OY )

holds if and only if I ̸ ↑G1(OY ,OY ).

Corollary 1. Let Y be a topological space and let f : ω → [2,ℵ0) be a function. The following
are equivalent:

1. I ̸ ↑G1(OY ,OY );

2. I ̸ ↑G f (OY ,OY );

3. S f (OY ,OY );

4. S1(OY ,OY ).

Proof. The Propositions 1 and 2 give (1)⇒ (2)⇒ (3)⇒ (4), while (4)⇒ (1) follows from the
previous theorem.

Thus, in order to distinguish the games G f (OY ,OY ) and Gg(OY ,OY ) for functions
f ,g : ω → [2,ℵ0), it is enough to consider the situation of the Player II. By adapting the proof
of Scheepers [41] for Theorem 1, we show that for a large class of spaces, the condition
II ↑ G f (OY ,OY ) is very restrictive on the space Y .

Proposition 3. Let Y be a topological space and let f : ω → [2,ℵ0) be a function. If the Player II
has a winning strategy in the game G f (OY ,OY ) and Y satisfies at least one of the following
conditions, then Y is countable:

1. the space Y is a T1-space and has a countable base;
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2. the space Y is Hausdorff and first countable;

3. the space Y is Hausdorff and all its points are Gδ -sets.

Particularly, in such conditions II ↑ G1(OY ,OY ) holds.

Proof. We begin with a few general observations. Fix a winning strategy σ for the Player II
in the game G f (OY ,OY ). For any finite sequence z = (𝒰0, . . . ,𝒰n) ∈ O<ω

Y and any subfamily
𝒜⊂ OY , we define the sets

L𝒜,z :=
⋂
𝒰∈𝒜

⋃
σ(za𝒰) (1.7)

and

L̃𝒜,z :=
⋂
𝒰∈𝒜

⋃
σ(za𝒰), (1.8)

where za𝒰 := (𝒰0, . . . ,𝒰n,𝒰). Suppose that for each z ∈ O<ω
Y we have fixed a countable family

Oz = {𝒰z;n : n ∈ ω} ⊂ OY . We recursively select countably many subsets of the form Oz such
that the corresponding sets LOz,z cover X :

∙ rewrite O /0 = {𝒰n : n ∈ ω};

∙ for each m ∈ ω , let O(m) := O(𝒰m) and rewrite it as {𝒰m,n : m ∈ ω};

∙ suppose that Os = {𝒰sa j : j ∈ ω} is already defined for any s ∈ ω<n, then for each k ∈ ω

let Osak := Oz for z = (𝒰s�1, . . . ,𝒰s,𝒰sak), and rewrite it as Osak := {𝒰sa(k, j) : j ∈ ω};

∙ finally, by induction for each s ∈ ω<ω we have selected Os.

To simplify the notations, for s = (m1, . . . ,mn) ∈ ω<ω , let

s := (𝒰m0,𝒰m0,m1, . . . ,𝒰m0,m1,... ,mn).

Now, since σ is a winning strategy for the Player II in the game G f (OY ,OY ), we have
that

X =
⋃

s∈ω<ω

LOs,s =
⋃

s∈ω<ω

L̃Os,s. (1.9)

If it is not the case, then there exists p∈X such that p ̸∈ L̃Os,s for all s∈ω<ω . Particularly,
p ̸∈ L̃O /0, /0, hence there exists 𝒰n0 ∈O /0 such that p ̸∈

⋃
σ(𝒰n0). Again, p ̸∈ ˜LO(n0)

,(n0), from which

it follows that there exists 𝒰n0,n1 ∈ O(n0) such that p ̸∈
⋃

σ(𝒰n0,𝒰n0,n1). Proceeding like this we
obtain a play in the game G f (OY ,OY ) such that the Player II uses the strategy σ and loses, a
contradiction. Therefore, the equality (1.9) holds.

Thus, in all the cases, it is enough to show that for any z = (𝒰0, . . . ,𝒰n) ∈ O<ω
Y there

exists a countable subset Oz ⊂ OY such that LOz,z is countable, or similarly such that L̃Oz,z is
countable. Fix m ∈ ω ∖{0} such that f (n+1) = m+1.
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1. Assuming that the space Y is T1 with a countable base B. Let O ′
Y := OY ∩℘(B).

∙ |LO ′
Y ,z
| ≤ m. In fact, for F ⊂Y such that |F |= m+1, let Fy = F ∖{y} for each y ∈ F

and take 𝒱 = {Y ∖Fy : y ∈ F}. Since Y is a T1 space, it follows that each member of 𝒱
is an open set of Y . In fact, notice that 𝒱 ∈OY . We claim that for any 𝒰 ∈O ′

Y refining
𝒱 one has F ̸⊂

⋃
σ(za𝒰): indeed, for each U ∈ σ(za𝒰) there exists y(U) ∈ F such

that U ⊂ Y ∖Fy(U), hence⋃
σ(za𝒰)⊂

⋃
U∈σ(za𝒰)

Y ∖Fy(U) = Y ∖
⋂

U∈σ(za𝒰)
Fy(U);

since |{y(U) : U ∈ σ(za𝒰)}| ≤ m < |F |, there exists y ∈ F such that y ̸= y(U) for
all U ∈ σ(za𝒰), implying that y ∈

⋂
U∈σ(za𝒰)Fy(U).

∙ We have {σ(za𝒰) : 𝒰 ∈ O ′
Y} ⊂ [B]<ℵ0 , hence there exists a countable subfamily

Oz ⊂ O ′
Y ⊂ OY such that {σ(za𝒰) : 𝒰 ∈ O ′

Y}= {σ(za𝒰) : 𝒰 ∈ Oz}, as desired.

2. Assuming that the space Y is Hausdorff and first countable: it follows from the next case.

3. Assuming that the space Y is Hausdorff and its points are Gδ -sets of Y . Particularly, any
finite subset H of Y is a Gδ -set, say H =

⋂
n∈ω GH,n, where each GH,n ⊂ Y is open.

∙ |L̃OY ,z| ≤ m. For F ⊂ Y such that |F | = m+1, let Fy = F ∖{y} for each y ∈ F . For
each w ∈ Y ∖Fy, let Bw ⊂ Y be an open set such that w ∈ Bw ⊂ Bw ⊂ Y ∖Fy and take
𝒰 =

⋃
y∈F 𝒰y, where 𝒰y = {Bw : w ∈Y ∖Fy}. As in the first case, one can easily shows

that F ̸⊂
⋃

σ(za𝒰).

∙ The family ℋ=
{

Y ∖
⋃

σ(za𝒰) : 𝒰 ∈ OY

}
is an open covering for Y ∖H, where H =

L̃OY ,z. Hence ℋn =ℋ∪{GH,n} ∈ OY . Since Y is a Lindelöf space (Proposition 1),
there exists a countable family Oz,n ⊂ OY such that{

Y ∖
⋃

σ(za𝒰) : 𝒰 ∈ Oz,n

}
∪{GH,n} ∈ OY .

Let Oz =
⋃

n∈ω Oz,n. Then

H = L̃OY ,z ⊂ L̃Oz,z =
⋂

n∈ω

⋂
𝒰∈Oz,n

⋃
σ(za𝒰)⊂

⋂
n∈ω

GH,n = H,

as desired.

Corollary 2. If M is a metric space, then the following are equivalent:

1. the space M is countable;

2. II ↑ G1(OM,OM);

3. II ↑ G f (OM,OM) for any function f : ω → [2,ℵ0).
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We say that a game G with two players is undetermined if both I ̸ ↑G and II ̸ ↑G hold.

Corollary 3. If M is an uncountable metric space satisfying S1(OM,OM), then the game
G f (OM,OM) is undetermined for any function f : ω → [2,ℵ0).

Recall that an uncountable subspace L ⊂ R is called a Lusin set if |L∩M| ≤ ℵ0 for all
meager sets M ⊂ R. For a topological space (Y,τ), let 𝒜Y be the set of those families 𝒰 ⊂ τ

such that Y =
⋃

U∈𝒰 U . The following characterization is useful in our context.

Theorem 11 (Scheepers [44]). An uncountable subset L ⊂ R is a Lusin set if and only if
S1(𝒜L,𝒜L) holds.

Corollary 4. If L is a Lusin set, then the game G f (OL,OL) is undetermined for any function
f : ω → [2,ℵ0).

Proof. Since L is a regular space, one has S1(𝒜L,𝒜L) if and only if S1(OL,OL).

Example 1. A non-metrizable application: Suslin trees [4].

It is worth to observe that originally Telgársky obtained the Theorem 1 as a corollary of
the following implicit result.

Theorem 12 (Telgársky [51, 52]). Let X be a Tychonoff space such that any compact subset of
X is a Gδ -set. Then II ↑ Gfin(OX ,OX) if and only if X is σ -compact.

Indeed, Telgársky [52, Corollary 3] observed that for a Tychonoff space X , the condition
II ↑ Gfin(OX ,OX) is equivalent to the Player I having a winning strategy in a game K, defined in
terms of compact sets of X .3 On the other hand, Telgársky [51, Corollary 6.4] showed that if X

is a Tychonoff space in which compact sets are Gδ -sets, then the condition I ↑ K is equivalent to
X be a σ -compact space.

Curiously, our proof of Theorem 3, which is an adaptation of Scheepers [41] direct proof
of Theorem 1, yields a direct proof of Theorem 12.

Proposition 4. Let X be a regular space such that any compact subset of X is contained in a
compact Gδ -set of X . Then the space X is σ -compact if and only if II ↑ Gfin(OX ,OX).

Proof. With the same notations of our proof of Theorem 3, notice that it is enough to show that
for any z = (𝒰0, . . . ,𝒰n) ∈ O<ω

X there exists a countable subfamily Oz ⊂ OX such that L̃Oz,z is
contained in a compact subset of X .
3 Actually Telgársky denotes the game K as G(C,X), but it would be confusing with our terminology. It

is played like this: the Player I starts a play of the game K by choosing a compact subset K0 ⊂ X , and
the Player II answers with a closed subset C1 ⊂ X ∖K0; in the next turn the Player I chooses a compact
subset K1 ⊂C1, and then Player II chooses a closed subset C2 ⊂C1 ∖K1, and so on; the Player I wins
the play if

⋂
n∈ω Cn = /0.
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First, we claim that L̃OX ,z is compact. In fact, if 𝒰 is an open covering for L̃OX ,z, then for
each x ∈ L̃OX ,z we take Ux ∈ 𝒰 such that x ∈Ux. Since X is regular and L̃OX ,z is an open set, for
each x ∈ L̃OX ,z we take an open set Vx ⊂ X such that x ∈Vx ⊂Vx ⊂Ux, and for x ∈ X ∖ L̃OX ,z we
take an open set Vx ⊂ X such that x ∈ Vx ⊂ Vx ⊂ X ∖ L̃OX ,z. Hence 𝒱 = {Vx : x ∈ X} ∈ OX and
there exists a finite subset F ⊂ X such that σ(za𝒱) = {Vx : x ∈ F}. By the way we defined 𝒱 , it
follows that {Ux : x ∈ F ∩ L̃OX ,z} is a finite subcovering of 𝒰 .

Now, let K =
⋂

n∈ω GK,n be a compact Gδ -set of X such that L̃OX ,z ⊂ K. It is clear
that the family ℋ = {X ∖

⋃
σ(za𝒰) : 𝒰 ∈ OX} is an open covering of X ∖ L̃OX ,z, from which it

follows that ℋn =ℋ∪{GK,n} ∈ OX . Since X is a Lindelöf space (Proposition 1), there exists
a countable subfamily Oz,n ⊂ OX such that {X ∖

⋃
σ(za𝒰) : 𝒰 ∈ Oz,n}∪{GK,n} ∈ OX . Finally,

for Oz =
⋃

n∈ω Oz,n we have

L̃Oz,z :=
⋂

𝒰∈Oz

⋃
σ(za𝒰) =

⋂
n∈ω

⋂
𝒰∈Oz,n

⋃
σ(za𝒰)⊂

⋂
n∈ω

GK,n = K,

as desired.

In the following diagram we summarize the implications proved so far, for a fixed
topological space X and a function f : ω → [2,ℵ0). For brevity we call OX simply as O .

|X | ≤ ℵ0 II ↑ G1(O,O) I ̸ ↑G1(O,O) S1(O,O)

II ↑ G f (O,O) I ̸ ↑G f (O,O) S f (O,O)

X is compact X is σ -compact II ↑ Gfin(O,O) I ̸ ↑Gfin(O,O) Sfin(O,O)

L(X)≤ ℵ0

?

(b)

(b)

(c)
(a)

Corollary 1

(d) (d)

Thm 2

(e)

†

(1.10)

The double arrows indicate implications that hold in general, while the double lines mean
equivalences. The † dashed arrow holds with the hypotheses of Theorem 3, while the ? dashed
arrow is true with the hypotheses of Theorem 4. The converse of the others arrows are not true in
general. We present the correspondent counterexamples for the converses of the tagged arrows:

(a) Any uncountable σ -compact metric space works;

(b) Any Lusin set works;

(c) Fremlin and Miller [16] present non-σ -compact subspaces of R satisfying Sfin(O,O);

(d) The space 2ω is compact, hence Sfin(O,O) holds, but it does not satisfy S1(O,O);



1.1. In between S1/G1 and Sfin/Gfin 31

(e) The space ωω is a Lindelöf space that does not satisfy Sfin(O,O).

Question 1. Without requiring separation axioms on X , what can be said about the space X if
II ↑ G f (OX ,OX) holds for a function f : ω → [2,ℵ0)?

Question 2. Let f : ω → [2,ℵ0) be a function. Are the games G1(O,O) and G f (O,O) equiva-
lent in general? What if f ≡ k+1 for k ∈ ω ∖{0,1}?

By combining the Proposition 3 with the Corollary 1 we obtain affirmative answers for
the following classes of spaces:

∙ Second countable T1-spaces;

∙ First countable Hausdorff spaces;

∙ Hausdorff with Gδ -points spaces.

As we shall see in the next section, an affirmative answer in the general case would
yield a class of spaces 𝒴 such that the games G1(Ωy,Ωy) and G f (Ωy,Ωy) are equivalent for all
y ∈ Y ∈ 𝒴 and any function f : ω → [2,ℵ0), what is not true in general.
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